Ball-type automatic balancers can effectively reduce the vibrations of optical disk drives
Introduction
Optical disk drives have been widely used for data storage. The speed of the spindle has been brought up to 10,000 rpm to increase the data transfer rate. At such a high rotational speed, the optical disk drive may suffer from serious vibrations due to the eccentricity of the optical disk used. Since the imbalance varies from disk to disk, it is desirable to have an automatic balancer system ͑ABS͒ equipped with an optical disk drive that can eliminate the imbalance associated with each disk automatically. The most popular ABS adopted by optical disk drive industry is the ball-type ABS. A ball-type ABS consists of several balls moving along a circular orbit. Under proper working conditions, the balls will settle at specific positions such that the vibration due to the eccentric mass of the disk can be totally suppressed. These specific positions are referred to as the perfect balancing positions henceforth. The performance of the ABS is closely related to the stability of the perfect balancing positions.
Bövik and Högfors ͓1͔ analyzed the stability of the perfect balancing position of a two-ball balancer using the method of multiple scales. Lee and Van Moorhem ͓2͔ studied the stability of the equilibrium positions of a one-ball ABS using the Floquet theory. Rajalingham et al. ͓3͔ investigated the nonlinear system consisting of an undamped rotor and a one-ball ABS. The stability of the equilibrium position was determined by the corresponding linearized system. Hwang and Chung ͓4͔ studied the dynamic characteristics of a two-ball balancer with double races. Chung and Ro ͓5͔ and Kang et al. ͓6͔ investigated the stability of a two-ball ABS comprehensively. The stability was checked with the variations for a pair of design parameters. Kim and Chung ͓7͔ employed the Floquet theory to study the effects of the stiffness and damping of rubber suspensions on the stability of the equilibrium positions. Huang et al. ͓8͔ investigated the performance of a one-ball ABS on the radial vibration reduction of optical drives. Lu ͓9͔ analytically studied the stability of the equilibrium positions of a one-ball balancer. The results indicated that at most one stable equilibrium state may exist at a rotating speed. Wang and Lu ͓10͔ proposed a new design of ball-type balancer that may increase the stable region of the perfect balancing position. Chung and Jang ͓11͔ considered the effects of the flexibility of the shaft on the performance of the ABS. The stability of the balanced equilibrium state of a two-ball ABS was analyzed by perturbation methods. Kim et al. ͓12͔ examined the dynamic behavior of a two-ball balancer based on a three-dimensional model. Chao et al. ͓13,14͔ presented a nonplanar model for a spindle-disk system with an ABS. Their results indicated that the ABS can effectively reduce the tilting angle as well as the level of radial vibration. Chao et al. ͓15͔ evaluated the performance of a two-ball ABS with consideration to the in-plane rotational motions. The effects of the nonlinearity of the suspension washers on the performance of the automatic balancer were examined in Ref. ͓16͔. Rajalingham and Bhat ͓17͔ and Green et al. ͓18͔ found that the system may settle to a periodic attractor in addition to a balanced state. A nonlinear bifurcation analysis of a two-ball balancer for rotating machines was conducted by Green et al. ͓19͔ Although the ball-type balancer currently used in practice consists of more than two balls, much work has been done on the dynamic characteristics of one-ball or two-ball balancers. In the present paper, we study the stability of the perfect balancing positions of a rotating disk equipped with a three-ball ABS. The nonlinear equations of motion are derived using Lagrange's equations with respect to a corotating coordinate system. Closed-form formulas for the equilibrium positions are derived. Stable regions of the perfect balancing positions in a parametric plane are identified and compared with those of a two-ball balancer.
Mathematical Model and Governing Equations
The frictional force due to the relative motion between the balls and the orbit plays an important role in determining the performance of the ABS. Three different models of frictional force on the balls have been employed in the literature: ͑1͒ viscous damping force ͓1, 2,4,5,7,9,11-14,17-19͔, ͑2͒ dry friction ͓20,21͔, and ͑3͒ rolling friction ͓6,8,13,15,16,22͔. The major difference between these models is that ͑1͒ has no effects on the equilibrium positions while ͑2͒ and ͑3͒ can prevent the balls from settling at the desired balancing positions. When the frictional force is small, analytical studies show that these three models result in similar qualitative behaviors in the steady state. Moreover, experimental results conducted with optical disk drives agree well with the analytical predictions based on the viscous damping model ͓2,8,14͔. These results imply that the viscous damping model not only greatly simplifies the analysis work but also provides useful insights for the dynamical characteristics of ball-type balancers used in practice. Therefore the viscous damping model is employed in this work to account for the energy dissipation due to the frictional force between the balls and the orbit. Figure 1 shows the schematic of the ABS-rotor system and the corotating reference frame. The ABS is composed of a circular disk with a groove containing balls and a damping fluid whose damping constant is C B . The balls, each of mass m b , move freely along the groove, subjected to viscous damping only. The radius of the groove is d. The product of m b and d is the amount of imbalance caused by a single ball. For simplicity, m b d is referred to as the imbalance of a single ball hereafter. The rotor consists of an unbalanced rotating disk and the suspension system. The disk of mass m d rotates with a constant angular velocity . The mass center G of the disk is located at a distance e from the disk's geometric center C. Therefore, the amount of imbalance of the disk is m d e. The flexibility of the suspension system is characterized by equivalent linear springs and viscous dampers, denoted by ͑k x , k y ͒ and ͑c x , c y ͒, respectively. For simplicity, we assume that k x = k y = K and c x = c y = C.
The governing equations of an ABS with an arbitrary number of balls have been derived in Refs. ͓2,5,17,19͔ and expressed in different dimensionless forms. For the sake of completeness, the derivation of the equations of motion is described briefly below.
The xy-reference frame rotates about a fixed point O with the same speed as the disk. When the disk is at rest, the geometric center C of the disk coincides with O at which the supporting springs are undeformed. The position of C is defined by the coordinates ͑x , y͒ with respect to the corotating frame. The position of the ith ball is given by the angle ␤ i relative to the mass center G. The reason for the choice of this corotating frame is that the equations of motion expressed in this frame are autonomous.
The equations of motion are derived from Lagrange's equations given by
where T is the kinetic energy, V the potential energy, R Rayleigh's dissipation function, and q k the generalized coordinates. The kinetic energy can be expressed as
where J is the moment of inertia of the equivalent rotor and M indicates the total mass of the system. The potential energy is given by
Rayleigh's dissipation function can be represented by
͑4͒
The substitution of Eqs. ͑2͒-͑4͒ into Eq. ͑1͒ yields the nonlinear equations of motion as follows:
͑7͒
In order to simplify the subsequent analysis, we introduce the following dimensionless variables:
where n = ͱ K / M indicates the undamped natural frequency of the system when the disk is not rotating. The equations of motion in terms of the dimensionless variables defined above can be written in matrix form as
where q = ͓x* , y* , ␤ 1 , ␤ 2 , ␤ 3 ͔ T , ͑ ͒Ј indicates differentiation with respect to t*, and 
It is worth noting that is the ratio of the imbalance of a single ball to that of the disk.
Equilibrium Positions
The first step in analyzing a nonlinear system is to determine the equilibrium positions. Setting qЈ, qЉ, and g in Eq. ͑8͒ to zero, the location of the equilibrium position q = ͓x , ỹ , ␤ 1 , ␤ 2 , ␤ 3 ͔ T is given by f͑q ͒ = 0. This set of equations can be expressed explicitly as
To solve Eqs. ͑10͒-͑12͒, we introduce the polar coordinates x = r cos and ỹ = r sin and rewrite Eq. ͑12͒ as
The above equations require that sin͑␤ i − ͒ =0 or r = 0. The equilibrium positions associated with these two conditions are referred to as the unbalanced equilibrium positions ͑sin͑␤ i − ͒ =0͒ and perfect balancing positions ͑r =0͒. If the balls are indistinguishable, the unbalanced equilibrium positions can be further divided into four cases: ͑i͒ ␤ 1 = ␤ 2 = ␤ 3 = , ͑ii͒ ␤ 1 = ␤ 2 = ␤ 3 = + , ͑iii͒ ␤ 1 = + , ␤ 2 = ␤ 3 = , and ͑iv͒ ␤ 1 = , ␤ 2 = ␤ 3 = + . Including the solution ͑v͒ r = 0, there are totally five different cases of solutions to Eq. ͑13͒. Cases ͑i͒ and ͑ii͒ are equivalent to a single ball with mass 3m b located at ␤ = and ␤ = + , respectively. Similarly, cases ͑iii͒ and ͑iv͒ are equivalent to a single ball with mass m b located at ␤ = and ␤ = + , respectively. Consequently, the equilibrium positions of cases ͑i͒-͑iv͒ can be determined from the formulas for the equilibrium positions of a one-ball balancer by substituting appropriate values to the imbalance. Since the equilibrium positions for a one-ball balancer have been analyzed comprehensively, the detailed algebraic process for determining the equilibrium positions for cases ͑i͒-͑iv͒ is omitted. Only the results are listed below. 
The corresponding is determined by 
where K and D are defined by Eqs. ͑15͒ and ͑16͒, respectively. The corresponding is determined by
The two solutions for r are ͭ r 31 r 32
where K is defined by Eq. ͑15͒ and
where K and DЈ are defined by Eqs. ͑15͒ and ͑21͒, respectively. The corresponding is determined by
͑24͒
In the above four cases, the effects of the three balls are equivalent to a single ball with proper mass located at ␤ eq . Hereafter, the value of ␤ eq associated with r ij is denoted by ␤ ij and is used to identify the equilibrium positions of the three balls. For example, when r = r 3j , the system is equivalent to a single ball with mass m b located at ␤ 3j = , where is determined by substituting r 3j into Eq. ͑22͒. In this case, more specifically, two balls stick together at ␤ = ␤ 3j while the other ball is located at ␤ = ␤ 3j + . Similarly, when r = r 4j , one ball is located at ␤ = while the other two balls stick together at ␤ = ␤ 4j = + , where is determined by substituting r 4j into Eq. ͑24͒. Then we study the equilibrium positions associated with case ͑v͒, r = 0, in detail. ͑v͒ r = 0. In this case the system is perfectly balanced and has no residual vibration. Substituting x = ỹ = 0 into Eqs. ͑10͒ and ͑11͒ yields cos ␤ 1 + cos ␤ 2 + cos ␤ 3 = − 1/ ͑25͒
The positions of the three balls cannot be determined uniquely from these two equations. However, if the position of one of the balls is given, say, ␤ 3 , the positions of the other two balls, ␤ 1 and ␤ 2 , can be expressed in terms of ␤ 3 . When the position of the third ball is specified, the system can be treated as a "new disk" packed with a two-ball balancer, where the new disk is composed of the original disk and the third ball. Since the perfect balancing positions of a disk packed with a two-ball balancer have been studied thoroughly, all we need to do is to determine the imbalance of the new disk and then substitute appropriate values of the imbalance ratio into the formulas for the equilibrium positions of a two-ball balancer. Let r G and r B3 indicate the position vectors of the mass center of the original disk and the third ball, respectively. With respect to the corotating reference frame, r G = eî and r B3 = d͑cos ␤ 3 î+ sin ␤ 3 ĵ͒. The position vector r G Ј of the center of mass of the new disk can be expressed as 
ͪ ͑29͒
Thus the imbalance ratio of the new disk is given by
It is well known that for a two-ball balancer, perfect balancing is possible only if the imbalance ratio is no less than 0.5. Consequently, for the new disk to be perfectly balanced,
By substituting Eq. ͑28͒ into Eq. ͑31͒ and rearranging terms, we obtain the condition for perfect balancing for the three-ball balancer as
Based on this result, we can determine the restriction on for perfect balancing and the corresponding range of ␤ 3 . By noticing that A͑͒ is strictly increasing for Ͼ 0 and using the facts A͑1 / 3͒ = −1, A͑1 / ͱ 3͒ = 0, and A͑1͒ = 1, we have the following results.
͑1͒
For Ͻ 1 / 3, A͑͒ Ͻ −1. In this case, the total imbalance of the three balls is less than that of the disk. Hence perfect balancing is impossible. 
Stability Analysis
The stability of an equilibrium position can be determined by the eigenvalues of the associated linearized system if all the eigenvalues have negative real parts or if at least one of the eigenvalues has a positive real part. The linearization fails when the linearized system has some eigenvalues with zero real parts and no eigenvalues with positive real parts. For unbalanced equilibrium positions, i.e., r 0, none of the eigenvalues have zero real part. In this case, the stability of the equilibrium position can be determined using the Routh criterion. For perfect balancing positions, by contrast, there may exist eigenvalues with zero real parts. Figure 2 is a typical result of a three-ball balancer showing the variation of the real parts of the eigenvalues of a perfect balancing position with the rotational speed. As can be seen from the figure, when the rotational speed is lower than about 1.51, one eigenvalue Transactions of the ASME has a positive real part. Hence, the perfect balancing position is unstable for ⍀Ͻ1.51. On the other hand, when the rotational speed is higher than 1.51, one eigenvalue is zero while the other eigenvalues have negative real parts. Since none of the eigenvalues in this speed range has a positive real part, the stability of the perfect balancing position cannot be determined from the linearized system. Therefore, in the present study, the stability of a perfect balancing position is determined from its steady state behaviors subjected to disturbances. We consider disturbances in each coordinate direction of the state space in sequence, one direction at a time. The steady state behavior is obtained by integrating numerically the nonlinear governing equation ͑Eq. ͑8͒͒ for a long time until the transient vibration dies away. A perfect balancing position is stable if the steady state solutions under all disturbances approach the initial position; otherwise, it is unstable. There is another issue regarding the stability of the perfect balancing positions needed to be addressed. For a two-ball balancer, each ball should stay at a specific position when the system is perfectly balanced. In other words, there is a unique perfect balancing position. By contrast, for a three-ball balancer, there are infinitely many perfect balancing positions. The system is perfectly balanced if all the balls stay in the angular range defined by Eq. ͑35͒ and their positions satisfy Eq. ͑34͒. From the point of view of practical application, the exact locations of the balls are not important as long as the disk is perfectly balanced. Hence, when studying the stability of the perfect balancing positions, we divide evenly the possible angular range of the balls, as defined by Eq. ͑35͒, into several small intervals. By setting ␤ 3 to the central value of each small interval and determining ␤ 1 and ␤ 2 from Eq. ͑34͒, we get a set of equilibrium positions. The stability of each equilibrium position in the set is examined by the method discussed in the preceding paragraph. In this way, the stable region of each equilibrium position in a parameter plane can be identified. The stable region of r = 0 is taken as the union of the stable regions of the set of equilibrium positions examined.
Previous investigations on the ball-type automatic balancer indicate that in addition to the imbalance ratio , the rotational speed ⍀, damping ratio of the suspension, and damping ratio b between the balls and the orbit are important parameters influencing the performance of the automatic balancer. Therefore, we study the stability of the perfect balancing positions in the -⍀ plane point by point for different values of and b . For a specified value of , stable regions for r = 0 in the -⍀ plane for various values of b are identified, and the results are compared with those of a two-ball balancer. Figure 3 shows the variation of the equilibrium positions with the rotational speed for = 0.2. As discussed before, for Ͻ 1 / 3, perfect balancing can not be achieved. Hence, for = 0.2, all the equilibrium radii are nonzero. In addition, the equilibrium radii r i2 , i =1-4, are negative. Since negative radii are unrealistic, all the negative equilibrium radii r i2 and the associate ␤ 's are not shown in Fig. 3 . For simplicity, from now on, we use the equilibrium radius to identify the corresponding equilibrium configuration. For example, r 11 indicates the equilibrium configuration in which the three balls stick together at ␤ 11 ; r 21 indicates the equilibrium configuration in which the three balls stick together at ␤ 21 .
Results and Discussion
On the other hand, r 31 indicates the equilibrium configuration in which one ball is at ␤ 31 + and the other two balls are at ␤ 31 ; r 41 indicates the equilibrium configuration in which one ball is at ␤ 41 − and the other two balls are at ␤ 41 . The meaning of ␤ ij is explained in the paragraph below Eq. ͑24͒. The circles in indicate that all equilibrium positions, except r 11 and r = 0, are unstable. Furthermore, r 11 is stable when the rotational speed is less than about 0.9, while r = 0 is stable when the rotational speed is higher than about 1.42. As can be seen from the bottom of Fig.  5 , when r = 0, the steady-state positions of the balls depend on the initial conditions. To clearly illustrate the dependence of the steady-state positions on the initial conditions, the responses of the system starting from two different sets of initial conditions are plotted in Fig. 6 . The two sets of initial conditions are ͑1͒ x = y =0, ␤ 1 = 0.01, ␤ 2 = 0.02, ␤ 3 = 0.03, and ẋ = ẏ = ␤ i = 0 and ͑2͒ x = y =0, ␤ 1 = 0.30, ␤ 2 = 0.32, ␤ 3 = 0.34, and ẋ = ẏ = ␤ i = 0. The results indicate that in the steady state, the system is perfectly balanced but the balls occupy two different sets of positions. Then we proceed to compare the stable regions of r = 0 for a three-ball balancer to those for a two-ball balancer. To make the comparison of stable regions meaningful, the total imbalance ratio ͑the ratio of the imbalance of all the balls to that of the disk͒ should be the same. Recall that indicates the ratio of the imbalance of a single ball to that of the disk. The total imbalance ratio total can be expressed as total = 2 two = 3 three where two and three are the imbalance ratios of a single ball for the two-ball and three-ball balancers, respectively. Transactions of the ASME associated value of b . For example, when b = 0.1, r = 0 is unstable at point A for both the two-ball and three-ball balancers. On the other hand, at point B, r = 0 is stable for the three-ball balancer but unstable for the two-ball balancer. Time responses for the two-ball and three-ball balancers associated with point B for b = 0.1 are shown in Fig. 8 . The results verify that r = 0 is unstable for the two-ball balancer but stable for the three-ball balancer. Figure 9 compares the stable regions of the three-ball and two-ball balancers in the -⍀ plane for total = 2.4. Figures 7 and 9 show that the three-ball balancer has larger stable regions than the twoball balancer under the conditions examined. This, in turn, implies that the robustness of an ABS can be enhanced by employing more balls if the other parameters are fixed.
Conclusion
Ball-type automatic balancers are employed widely by the optical disk drive industry to suppress the vibrations induced by the eccentricity of the optical disk. Proper conditions under which the imbalance vibrations can be suppressed perfectly are closely related to the stability of the perfect balancing positions. Although much work has been done on the analysis of the stability of balltype automatic balancers, the effects of the number of balls on the performance of the balancer have not been clearly examined. This paper investigates the stability of the perfect balancing positions of a three-ball automatic balancer. Closed-form formulas for the equilibrium positions are derived, and the conditions for perfect balancing are examined. The results show that, to achieve perfect balancing, the imbalance ratio of a single ball should be no less than one-third. Moreover, the balls should all stay in an angular range relative to the mass center of the disk. The stability of the perfect balancing positions is studied numerically and the stable regions in a parameter plane are identified. The results indicate that the three-ball balancer has larger stable regions compared with the two-ball balancer in the parameter space examined. Therefore increasing the number of balls may enhance the robustness of the ball-type automatic balancer. 
